A finite semifield D is a finite nonassociative ring with identity such that the set D * = D \{0} is closed under the product. In this paper we obtain a computer-assisted description of all 64-element finite semifields, which completes the classification of finite semifields of order 125 or less.
Introduction
A finite semifield (or finite division ring) D is a finite nonassociative ring with identity such that the set D * = D \ {0} is closed under the product, i.e., it is a loop [1, 2] . Finite semifields have been traditionally considered in the context of finite geometries since they coordinatize projective semifield planes [3] . Recent applications to coding theory [4, 5, 6] , combinatorics and graph theory [7] , have broaden the potential interest in these rings.
Because of their diversity, the obtention of general theoretical algebraic results seems to be a rather difficult (and challenging) task. On the other hand, because of their finiteness, computational methods can be naturally considered in the study of these objects. So, the classification of finite semifields of a given order is a rather natural problem to use computations. For instance, computers were used in the classification of finite semifields or order 32 [8, 1] and 81 [9] .
In this paper we present a classification up to isotopy of finite semifields with 64 elements. Because of the complexity of the problem, the algorithms used in the papers mentioned above can not be directly used to solve the 64-element case. Our techniques combine several old methods and some crucial observations which allow us to reduce dramatically the computational effort. The resulting classification is very rich. Only one tenth of the existing planes was previously known.
The structure of the paper is as follows. In §2, basic properties of finite semifields are reviewed. Section 3 is devoted to known constructions of semifields of order 64. In §4, we describe the method we used to classify all 64-element finite semifields. Finally, in §5, a complete description of the semifields is given, together with several of their properties.
Preliminaries
In this section we collect definitions and facts on finite semifields. Proofs of these results can be found, for instance, in [1, 2] .
A finite nonassociative ring D is called presemifield, if the set of nonzero elements D * is closed under the product. If D has an identity element, then it is called finite semifield. If D is a finite semifield, then D * is a multiplicative loop. That is, there exists an element e ∈ D * (the identity of D) such that ex = xe = x, for all x ∈ D and, for all a, b ∈ D * , the equation ax = b (resp. xa = b) has a unique solution.
Apart from finite fields (which are obviously finite semifields), proper finite semifields were first considered by L.E. Dickson [11] and were deeply studied by A.A. Albert [12, 13, 10, 14] . The term finite semifield was introduced in 1965 by D.E. Knuth [1] . These rings play an important role in the study of certain projective planes, called semifield planes [3, 1] .
The characteristic of a finite presemifield D is a prime number p, and D is a finite-dimensional algebra over GF (q) (q = p c ) of dimension d, for some c, d ∈ N, so that |D| = q d . If D is a finite semifield, then GF (q) can be chosen to be its associative-commutative center Z(D). Other relevant subsets of a finite semifield are the left, right, and middle nuclei (N l , N r , N m ), and the nucleus N .
The definition of isomorphism of presemifields is the usual one for algebras, and the classification of finite semifields up to isomorphism can be naturally considered. Because of the connections to finite geometries, we must also consider the following notion. If D 1 , D 2 are two presemifields over the same prime field GF (p), then an isotopy between D 1 and D 2 is a triple (F, G, H) of bijective linear maps D 1 → D 2 over GF (p) such that
It is clear that any isomorphism between two presemifields is an isotopy, but the converse is not necessarily true. Any presemifield is isotopic to a finite semifield [1, Theorem 4.5.4] . From any presemifield D a projective plane P(D) can be constructed (see [3, 1] for the details of this construction). Theorem 6 in [10] shows that isotopy of finite semifields is the algebraic translation of the isomorphism between the corresponding projective planes. So, two finite semifields D 1 , D 2 are isotopic if, and only if, the projective planes P(D 1 ), P(D 2 ) are isomorphic.
The set of isotopies between a finite semifield D and itself is a group under composition, called the autotopy group, and denoted At(D). This group acts on the fundamental triangle of the plane P(D), that is, it leaves invariant each of the three lines L x = {(1, A i 1 i 2 i 3 x i 3 ∀i 1 , i 2 ∈ {1, . . . , d}
This set is called 3-cube corresponding to D with respect to the basis B, and it completely determines the multiplication in D.
A remarkable fact is that permutation of the indexes of a 3-cube preserves the absence of nonzero divisors. Namely, if D is a presemifield, and σ ∈ S 3 (the symmetric group on the set {1, 2, 3}), then the set The number of projective planes that can be constructed from a given finite semifield D using the transformation of the group S 3 is at most six [1, Theorem 5.2.1]. Actually, S 3 acts on the set of semifield planes of a given order. So, the classification of finite semifields can be reduced to the classification of the corresponding projective planes up to the action of the group S 3 . In this setting, we will consider a plane as new when no known 1 finite semifield coordinatizes a plane in its S 3 -class.
We shall use a graphical representation to distinguish between the different cases. The vertices of an hexagon will depict the six different planes obtained from a given finite semifield (cf. [1, Theorem 5.
2.1]).
A dotted line between two planes shows that the corresponding finite semifields are isotopic. A continuos line represents that a commutative or symplectic [5] coordinatizing finite semifield exists.
The construction of finite semifields of a given order can be rephrased as a matrix problem [17, Proposition 3] . We state this proposition in the particular case of semifields of order 64. Proposition 1. There exists a finite semifield D of 64 elements if, and only if, there exists a set of 6 matrices {A 1 , . . . , A 6 } ⊆ GL(6, 2) (a standard basis [9] ) such that:
1. A 1 is the identity matrix; 2.
3. The first column of the matrix A i is the column vector with a 1 in the i-th position, and 0 everywhere else.
This result will be used through this paper to represent 64-element finite semifields. Namely, a finite semifield will be given as a tuple of matrices (A 2 , A 3 , A 4 , A 5 , A 6 ). If the last five columns of the matrix A i which has a one in the i-th position of the first column, and zeroes everywhere else are 
Known semifield planes of order 64
In this section we give a classification of the known semifield planes of order 64. We considered all the constructions in [19] and explored which planes can be coordinatized by those constructions. This yielded to 31 semifield planes, divided into 11 S 3 -classes, that we list below. A semifield representative is given for each plane, together with the order of its automorphism group. Of these planes only two are commutative and can be coordinatized by 14 commutative semifields.
I (Desarguesian plane)
Finite field GF(64) (6 automorphisms) (A 2 , A 3 , A 4 , A 5 , A 6 ) = (135274593, 67639409, 33954937, 25632381, 566730623) II (Twisted field plane) Twisted Field (1 automorphism) with parameters:
• j ∈ GF(64) such that j 6 + j + 1 = 0;
• α ∈ Aut(GF(64)) such that α(x) = x 4 , for all x ∈ GF(64);
• β ∈ Aut(GF(64)) such that β(x) = x 4 2 , for all x ∈ GF(64). • f ∈ GF(8) such that f 3 + f + 1 = 0;
• g ∈ GF(8) such that g + 1 = 0;
• σ ∈ Aut(GF(8)) such that σ(x) = x 2 , for all x ∈ GF(8). • f ∈ GF(8) such that f 3 + f + 1 = 0;
• g ∈ GF(8) such that g + 1 = 0; Apart from the constructions in [19] , the 36 nonprimitive [18] finite semifields of [17] were also considerd and two new classes (4 planes) were found. For each of these 13 semifield representatives, we computed the order of the center and nuclei ZN = (Z, N, N l , N m , N r ), the list of all principal isotopes, and the order of their isomorphism groups. Some information on the autotopy group was computed as well as the length of the orbits in the fundamental triangle (L x , L ∞ , L y ), given in the form
XII (Two
exist. All these data are collected in Table 1 . 1. Let us notice that the Huang&Johnson plane of type V [20] is S 3 -equivalent to the plane VII above. Namely, it is the plane VII (23) .
2. All these planes can be coordinatized by a finite semifield containing a primitive element (even the planes XII and XIII).
Let us introduce presentations of the autotopism group of some semifields in the table above.
Since the same plane can be coordinatized by several constructions, we include Table 2 , where every plane is followed by a list of those (pre)semifield constructions that coordinatize it:
• FF: Finite Field 
Search algorithm
In this section we describe an algorithm that generates all finite semifields of order 64. As we have previously observed (Proposition 1), any 64-element semifield can be described as a tuple of 6 matrices satisfying certain conditions. So, the output of the algorithm will be tuples of matrices which correspond to finite semifields. Not all possible tuples satisfying the conditions of Proposition 1 will be listed. It is only necessary to obtain representatives of all S 3 -classes of equivalence.
Our method is based on the algorithm proposed in [17] . This algorithm proved to be extraordinary efficient in the computation of all nonprimitive semifields of order 64, and it can be easily adapted to our case. It first takes matrices A 1 and A 2 , the first equal to the identity matrix, the second one chosen among a small amount of matrices (we will comment on this latter). Then, it computes 15 lists 
containing matrices B of GL(6, 2) such that the first column of B is the vector (0, 0, λ 3 , λ 4 , λ 5 , λ 6 ) t , and such that the matrices B + A2, B + A1 and
) is a tuple corresponding to a finite semifield of 64 elements, then any nonzero linear combination
. This provides a fast test to check if a tuple of matrices corresponds to a finite semifield.
Then, these lists are compared to produce consistent tuples of matrices (A 3 , A 4 , A 5 , A 6 ). This procedure, which is described in detail in [17] , essentially sieves the lists of matrices A 4 , A 5 and A 6 with the help of the other lists (the matrix A 3 is fixed at this point). The resulting tiny lists are used to generate tuples of 6 matrices, and it is checked whether these tuples are related to a finite semifield or not. Once all these tuples are generated, a classification algorithm produces the different isomorphism classes of nonprimitive finite semifields.
This method produced satisfactory results in [17] , even though the computational effort was remarkable big (if run in a single machine, 10 months of computing time). However, it can not be directly applied to our case. The main obstruction is the size of the lists L (λ 3 ,λ 4 ,λ 5 ,λ 6 ) . The lists created in [17] , because of some extra conditions, contained approximately 2 million matrices each. In the new situation, the lists contain more than 7 million matrices each. If we applied directly the method, it would take approximately 466 months to complete the task. This means that, in a certain sense, the classification problem of 64-element finite semifields is almost 50 times more difficult than the primitivity problem. The main drawback of the method is that all tuples of matrices must be computed, and classification is only achieved after search.
The algorithm which was used in [9] to classify 81-element finite semifields combines search and classification. It works as follows. Tuples of four matrices (A 1 , A 2 , A 3 , A 4 ) associated to finite semifields of order 81 are obtained in 4 steps. In the i-th step a list of nonequivalent partial standard bases of size i is computed [9] . This means that a list of tuples (A 1 , . . . , A i ) of i matrices is produced, with the following two conditions. First, any tuple in the list can be potentially extended to get a tuple of 4 matrices associated to a finite semifield. Second, none of them can be obtained from any other by means of an isotopy transformation. This ensures that the resulting tuples of 4 matrices coordinatize nonisotopic finite semifields. This method lead to the classification of 81-element finite semifields in a few days on a PC [9] .
This algorithm can not be directly used in our setting either. First, because it is necessary to obtain tuples of 6 matrices, which represents 6 steps instead of 4. Moreover, these matrices have order 6 × 6, and not 4 × 4. This means a significant increase of computation time. Also, some storing problems do appear in the intermediate steps, since the number of nonequivalent partial standard bases of size 4 is huge.
We managed to combine these two methods in an effective way. Namely, we used first the method of [9] to produce nonequivalente partial standard bases of size 3. Since S 3 -classes are enough for the classification of finite semifields, we considered nonequivalent partial standard bases up to S 3 -equivalence: the matrices of a partial standard basis of a semifield D, when transposed, are a partial standard basis of D (1, 3) . Then, the algorithm of [17] was used to complete these bases to tuples of 6 matrices. This combination of methods produced satisfactory results since there was a 95% reduction in the number of cases to be explored. Specifically, a total amount of 399866 nonequivalent partial standard bases of size 3 were considered. Of these, 377675 had matrix A 2 = C(x 6 + x + 1) (companion matrix), and the rest had matrix A 2 = C(x 6 + x 5 + x 3 + x 2 + 1). Notice that, because of [17, Section 5] and Remark 1 above, the matrix A 2 can be always chosen to be a companion matrix of a primitive polynomial. The implemented algorithm in language C required 30 days on a 12 2.5 GHz CPU linux cluster (1 computer year on a single PC). The output consisted in 95877 tuples. Classification of these matrices up to S 3 -equivalence lead to the results of the next section.
Let us remark that the extraordinary feature of our algorithm is that it allowed us to solve the classification problem in approximately the same time it was needed in [17] to solve the primitivity problem. As noticed above, this problem is, in a certain sense, 50 times simpler.
New Semifield Planes of order 64: a classification
The classification of 64-element finite semifields that we present in this section, completes the classification of finite semifields of order 125 or less [23, 8, 1, 9, 21, 22] . Let us compare the number of S 3 -equivalence classes, semifield planes, and coordinatizing finite semifields which were found, with those previously known ( Table 3) .
Number of classes S 3 -action Isotopy Isomorphism
Previously known 13 35 3058 Actual number 80 332 87714 Table 3 : Number of 64-element finite semifields
As we can see approximately one tenth of the semifield planes which exist were previously known. The matrices of the coordinatizing semifields, from S 3 -classes XIV to LXXX are collected in Table 4 . A semifield representative with maximal number of automorphisms was chosen for each S 3 -class. We processed these semifield representatives to obtain the order of the center and nuclei, the list of all principal isotopes, and the order of their isomorphism groups. Also, the length of the orbits in the fundamental triangle and some information on the autotopy group was computed. All these data are collected in Table 5 . The autotopism group of the semifield XIV is < x, y, z | x 3 = y, y 3 = z 7 = 1, z x = z 2 >. The autotopism group of the semifields XV and XVI is < x, y | x 3 = y 7 = 1, y x = y 2 >.
Concluding remarks
In this paper we present a classification of finite semifields of order 64, with the help of computational tools. The resulting finite semifield zoo is very rich, and it completes the classification of finite semifields up to order 125. The algorithm used is a combination of known methods and some crucial observations. It proved to be quite suitable to the problem considered. We hope this classification will be helpful in the discovery of new semifield constructions, a problem which has not been addressed in this paper.
Appendix
Using the Oyama representation of matrices [24] we managed to obtain different algebraic descriptions for the semifield representatives. As a complement we include these presentations here, in the hope that they can be helpful in the discovery of new constructions. There are three different types of algebraic representations:
1. D = GF (8) 2 , with j 3 + j + 1 = 0, and multiplication rule (x 1 , x 2 ) * (a 1 , a 2 ).
2. D = GF (4) 3 , with j 2 + j + 1 = 0, and multiplication rule (x 1 , x 2 , x 3 ) * (a 1 , a 2 , a 3 ).
3. D = GF (64), with j 6 + j + 1 = 0, and multiplication rule x * a.
Next we list the multiplication rules of the semifield representatives.
• XIV: (1) (
• XV: (1) (x 1 a 1 + x 2 (ja 2 + j 6 a 4 2 ) + x 2 2 j 2 a 2 2 + x 4 2 (j 2 a 1 + j 2 a 2 1 + j 6 a 2 + j 3 a 2 2 ) , x 1 a 2 + x 2 (a 1 + j 2 a 4 2 ) + x 2 2 j 5 a 2 2 + x 4 2 j 2 a 2 )
• XVI: (1) (x 1 a 1 + x 2 (j 2 a 2 + a 2 2 ) + x 2 2 (j 6 a 1 + j 6 a 4 1 + j 3 a 4 2 ) + x 4 2 (j 5 a 1 + j 5 a 2 1 + a 2 2 + j 3 a 4 2 ) , x 1 a 2 + x 2 (a 1 + j 6 a 2 2 ) + x 2 2 j 6 a 2 + x 4 2 j 5 a 2 )
• XIX: (3) 
• XXVII: (2) 
• XXXVII: (2) 
• LI: (2) 
• LV: (2) 
